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The square root of the quantum determinant of the quantum matrix space Mq2
is introduced and investigated. All nite dimensional corepresentations of Uq2 are
described by the ones of SqU2, and vice versa. Similar results for nite dimen-
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The purpose of this paper is to pesent a relationship between nite di-
mensional corepresentations of the Hopf ∗-algebras Uq2 and SqU2. We
introduce a concept of the square root of the quantum determinant of the
quantum matrix space Mq2. Using this element, we construct a new Hopf
∗-algebra Uq2D1/2 and its Hopf ∗-subalgebra B, which is isomorphic
to the Hopf ∗-algebra SqU2. This is useful and convenient in linking up
those two objects. By this technique, we prove that any nite dimensional
corepresentations of Uq2 can be decomposed into those of SqU2, and
vice versa. Similar results for nite dimensional coalgebra morphisms are
obtained as well.
We always work over the complex number eld . The parameter q is a
xed non-zero real number.
1. THE SQUARE ROOT OF THE QUANTUM DETERMINANT
In this section we introduce the square root of the quantum determi-
nant for Mq2, and establish a relation between Uq2 and SqU2. Our
notation comes from [2, 3, 8].
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Let Mq2 be the quantum matrix space generated by the elements of
the 2 × 2 matrix X = Xij with relations8<:
X11X12 = qX12X11; X21X22 = qX22X21
X11X21 = qX21X11; X12X22 = qX22X12
X12X21 = X21X12; X11;X22 = q− q−1X12X21.
(1)
That is, Mq2 is a quadratic algebra X/R, where X is the tensor
algebra generated by the elements Xij; i; j = 1; 2, and R is the ideal of
X spanned by the elements corresponding to the relations in (1).
Let D = detX denote the quantum determinant of Mq2; that is,
D = X11X22 − qX12X21:
As one of the classical Hopf ∗-algebra, Uq2 is the localization of the
quantum matrix space Mq2 at its quantum determinant D, that is,
Uq2 =Mq2D−1:
We write its Hopf ∗-algebra structure in the matrix form as follows:
1

X11 X12
X21 X22

=

X11 X12
X21 X22

⊗

X11 X12
X21 X22

;
ε

X11 X12
X21 X22

=

1 0
0 1

;
S

X11 X12
X21 X22

= D−1

X22 −q−1X12
−qX21 X11

;
X11 X12
X21 X22
∗
= D−1

X22 −q−1X21
−qX12 X11

:
With this structure, the quantum determinant D is group-like, central, in-
vertible, and has D∗ = D−1 in Uq2.
Another object we will deal with is the Hopf ∗-algebra SqU2 which
is the ∗-algebra generated by two elements α, γ subject to the following
relations: 8<:
α∗α+ γ∗γ = I; γ∗γ = γγ∗
αα∗ + q2γ∗γ = I; αγ = qγα
αγ∗ = qγ∗α.
(2)
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The Hopf ∗-algebra structure on SqU2 is described as follows ([3, 8])
1

α −qγ∗
γ α∗

=

α −qγ∗
γ α∗

⊗

α −qγ∗
γ α∗

;
ε

α
γ

=

1
0

;
S

α
γ

=

α∗
−qγ

:
Remark. SqU2 is the compact quantum group (i.e., compact matrix
pseudogroup) U; u of Woronowicz ([7, 8]), where
u =

α −qγ∗
γ α∗

and U is the C∗-algebra generated by two elements α, γ with the rela-
tions (2).
Now we dene the algebra
Uq2D1/2 = Uq2x/x2 −D:
We can extend the Hopf ∗-algebra structure of Uq2 to Uq2D1/2 by
setting
1x = x⊗ x; εx = 1;
S x = D−1x; x∗ = D−1x:
We call x the square root of D and denote it by D1/2. Since D is central
and invertible in Uq2, we have D1/2D−1 = D−1D1/2, and denote this by
D−1/2. One can check that
1D±1/2 = D±1/2 ⊗D±1/2; εD±1/2 = 1;
S D±1/2 = D∓1/2; D±1/2∗ = D∓1/2:
And Uq2 becomes a Hopf ∗-subalgebra of Uq2D1/2.
In the following, we will construct another Hopf ∗-subalgebra which is
isomorphic to SqU2.
Set 
Y11 Y12
Y21 Y22

= D−1/2

X11 X12
X21 X22

:
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It is easy to check that Y = Yij satises the relations8>>>>><>>>>>:
Y11Y12 = qY12Y11; Y21Y22 = qY22Y21
Y11Y21 = qY21Y11; Y12Y22 = qY22Y12
Y12Y21 = Y21Y12
Y11Y22 − qY12Y21 = 1
Y22Y11 − q−1Y12Y21 = 1:
(3)
Let B be the ∗-subalgebra of Uq2D1/2 generated by Yij; i ; j = 1; 2,
and let 1B; εB;SB; ∗B denote the restriction maps on B of 1; ε; S ; ∗,
respectively. It is easy to see that B;1B; εB;SB; ∗B is a Hopf ∗-subalgebra
such that
1B

Y11 Y12
Y21 Y22

=

Y11 Y12
Y21 Y22

⊗

Y11 Y12
Y21 Y22

;
εB

Y11 Y12
Y21 Y22

=

1 0
0 1

;
SB

Y11 Y12
Y21 Y22

=

Y22 −q−1Y12
−qY21 Y11

;
Y11 Y12
Y21 Y22
∗B
=

Y22 −q−1Y21
−qY12 Y11

:
Theorem 1. B is isomorphic to SqU2 as Hopf ∗-algebras.
Proof. Set 
Y11 Y12
Y21 Y22

ψ−→

α γ∗
−qγ α∗

:
It is trivial to check that the relations (3) correspond to the relations (2)
under the map ψ, and that ψ is an algebra isomorphism from B to SqU2.
To complete the proof, it is enough to check that
ψ⊗ ψ1BY11
= ψY11 ⊗ ψY11 + ψY12 ⊗ ψY21
= α⊗ α+ γ∗ ⊗ −qγ
= 1ψY11;
similarly, ψ⊗ ψ1BY21 = 1ψY21; also,
ψSBY11 = ψY ∗11 = α∗ = SψY11;
ψSBY21 = ψ−qY21 = q2γ = SψY21;
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and
ψY ∗B11  = α∗ = ψY11∗; ψY ∗B21  = −qγ∗ = ψY21∗:
Remark. Due to the theorem above, we can regard SqU2 and Uq2
as Hopf ∗-subalgebras of the same Hopf ∗-subalgebra Uq2D1/2, which
is interesting and convenient for us to discuss their connection. The reader
will realize this convenience in the proof of our main result. In the follow-
ing, we identify SqU2 with B.
Theorem 2. Uq2D1/2 ∼= D1/2; D−1/2 ⊗ SqU2 as Hopf ∗-alge-
bras.
Proof. Set
pix

X11 X12
X21 X22

→

D1/2 ⊗ Y11 D1/2 ⊗ Y12
D1/2 ⊗ Y21 D1/2 ⊗ Y22

;
D1/2 → D1/2 ⊗ 1:
Notice the correspondence between relations (1) and (3); it is not difcult
to check that pi is a Hopf ∗-algebra isomorphism.
Notice that Uq2 is a Hopf ∗-subalgebra of Uq2D1/2. We have
Uq2 ∼=
X
ckD
k/2 ⊗ Ym
k
11
11 Y
m
k
12
12 Y
m
k
21
21 Y
m
k
22
22
 X
i; j=1; 2
m
k
ij − k ∈ 2

;
where the summation is nite sum for k ∈ , and mkij i; j = 1; 2 are
non-negative integers with mk11 m
k
22 = 0.
Now, we discuss some properties of the square root D1/2 and its inverse
D−1/2. To do this, we rst dene an order on the elements of the quantum
matrix space Mq2.
It is known that Mq2 has a basis ([2, 5])
X = Xm1111 Xm1212 Xm2121 Xm2222  mij = 0; 1; 2; : : :}
where the products are formed with respect to the xed order of Xij ’s.
For any Xm = Xm1111 Xm1212 Xm2121 Xm2222 ∈ X , we dene its order to be 5-tuple
m; m11; m12; m21; m22 of non-negative integers, where m = m11 +m12 +
m21 +m22. Put oXm = m; m11; m12; m21; m22. We may order the set
of all such 5-tuples lexicographically, i.e., m;m11;m12;m21;m22 > n; n11;
n12; n21; n22 if m > ny or m = n; m11 > n11 and so forth. We say a basis
element Xm in X is larger than another one Xn, denoted by Xm >
Xn, if oXm > oXn. This denes an order on the set X . For any
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a ∈ Mq2, we dene the order of a to be the supremum of the orders of
Xm that appear with non-zero coefcients in a. Thus we may extend the
order to the whole Mq2.
Assume that Xm > Xn; then, for any Xl, one can check that
XmXl > XnXl.
Now, we can prove
Lemma 3. 1;D1/2 is Mq2-independent.
Proof. Suppose that there exist non-zero a; b ∈Mq2 such that
a = bD1/2;
then
a2 = b2D:
Let Xm;Xn be the highest order terms of a; b, respectively, then X2m =
X
2m11
11 X
2m12
12 X
2m21
21 X
2m22
22 , X
2n+I = X2n11+111 X2n1212 X2n2121 X2n22+122 are the highest
order terms of a2; b2D, respectively. Since Mq2 is graded, we get
X2m = X2n+I
which is impossible.
Theorem 4. D−1/2 is transcendental over SqU2.
Proof. Assume that bi ⊂ SqU2 are such thatX
i
biD
−i/2 = 0:
Notice that SqU2 has the basis Y m, where Y m = Ym1111 Ym1212 Ym2121 Ym2222
mij = 0; 1; 2; : : :) with m11m22 = 0. Set
bi =
X
m
ci;mY
m
then X
i;m
ci;mY
mD−i/2 = 0:
There exists N ∈ , such that
0 =X
i;m
ci;mY mD−i/2DN/2
= X
i1;m1
ci1;m1Y m1D−i1/2DN/2
+
" X
i2;m2
ci2;m2Y m2D−i2/2DN−1/2
#
D1/2
∈ Mq2 +Mq2D1/2;
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which implies, by Lemma 3, thatX
i1;m1
ci1;m1Y m1D−i1/2DN/2 = 0;X
i2;m2
ci2;m2Y m2D−i2/2DN−1/2 = 0:
Let Xm = Y mD1/2m, where m = m11 + m12 + m21 + m22. Then the
proof is completed by the following.
Sublemma. Let Xm = Xm1111 Xm1212 Xm2121 Xm2222 ∈ X with m11m22 = 0. ThenP
k;m ck;mX
mDk = 0 implies ck;m = 0.
Proof. Note that the highest order term of XmDk is
X
m11+k
11 X
m12
12 X
m21
21 X
m22+k
22 ;
where either m11 or m22 is zero. Assume that XnDl has the same highest
order term as XmDk, then
X
m11+k
11 X
m12
12 X
m21
21 X
m22+k
22 = Xn11+l11 Xn1212 Xn2121 Xn22+l22 :
It forces m12 = n12; m21 = n21; m11−m22 = n11− n22. Note that m11m22 =
0; n11n22 = 0, so we get m11 = n11; m22 = n22 and hence k = l. This shows
the highest order term of
P
k;m ck;mX
mDk is ck;mXmDk, and ck;m = 0
follows.
This ends the proof of the theorem.
Corollary 5. 1 ⊗ D−1/2 is transcendental over EndK ⊗ SqU2 for
any nite dimensional complex vector space K.
Proof. Let K have basis e1; e2; : : : ; en, and let eij  i; j = 1; 2; : : : ; n
be the corresponding basis of EndK; that is, eijek = δikej , where δik is
the Kronecker delta. Let akij ∈ SqU2 be such that
X
k
X
i; j
eij ⊗ akij

1⊗D−1/2 = 0:
Then we get
P
k a
k
ij D
−1/2 = 0 for any i; j = 1; 2; : : : ; n, and thus akij = 0
for any k by Theorem 4.
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2. THE DECOMPOSITION THEOREMS
In this section, let K be a nite dimensional complex vector space and
EndK be the -algebra of all linear transformations on K.
For a Hopf algebra H, by a nite dimensional corepresentation of H we
mean a linear map θx K→ K ⊗H satisfying the commutative diagrams
K K ⊗H
K ⊗H K ⊗H ⊗H
θ
θ
I⊗1
θ⊗I
and
K K ⊗H
K ⊗ 
θ
∼= 1⊗ε
In [7], Woronowicz gave a denition of nite dimensional corepresenta-
tion of a compact quantum group. Similarly, for a Hopf algebra H, we say
that a non-zero element v ∈ EndK ⊗H is a smooth corepresentation of
H if
I ⊗ 1v = v  v;
where v  v =Pi; j mimj ⊗ vi⊗ vj ∈ EndK⊗H ⊗H, for v =Pi mi⊗ vi ∈
EndK ⊗H.
There is a bijection between nite dimensional corepresentations of H
and nite dimensional smooth corepresentations [1].
In the following, we work with smooth corepresentations for Uq2D1/2,
and call them corepresentations.
Lemma 6. 1⊗ 1⊗ 1; 1⊗ 1⊗D−1/2; 1⊗D−1/2 ⊗ 1; 1⊗D−1/2 ⊗
D−1/2 is independent over EndK ⊗ SqU2D−1 ⊗ SqU2D−1, and
over EndK ⊗Uq2 ⊗Uq2:
Proof. 1. Reduction to proving the independence of 1 ⊗ 1; 1 ⊗
D−1/2; D−1/2 ⊗ 1; D−1/2 ⊗D−1/2 over SqU2D−1 ⊗ SqU2D−1.
Let mst ⊂ EndK; ast; bst ⊂ SqU2D−1 be such thatX
i
m1i ⊗ a1i ⊗ b1i +
X
j
m2j ⊗ a2j ⊗ b2j

1⊗ 1⊗D−1/2
+
X
k
m3k ⊗ a3k ⊗ b3k

1⊗D−1/2 ⊗ 1
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+
X
l
m4l ⊗ a4l ⊗ b4l

1⊗D−1/2 ⊗D−1/2
= 0:
We may assume that m1i; m2j; m3k, and m4l are -independent,
respectively. Moreover, we may assume that m1i;m2j1 is -independent,
whereas m2j2 is made of -combinations of m1i;m2j1, where j =j1 ∪ j2; j1 ∩ j2 = ∅. Similarly, we can do the same for m3k and
m4l. Thus X
i
m1i ⊗

a1i ⊗ b1i +
X
j2
ci2j2a2j2 ⊗ b2j21⊗D−1/2
+X
k2
ci3k2a3k2 ⊗ b3k2D−1/2 ⊗ 1
+X
l2
ci4l2a4l2 ⊗ b4l2D−1/2 ⊗D−1/2

+X
j1
m2j1 ⊗

a2j1 ⊗ b2j11⊗D−1/2
+X
j2
cj12j2a2j2 ⊗ b2j21⊗D−1/2
+X
k2
cj13k2a3k2 ⊗ b3k2D−1/2 ⊗ 1
+X
l2
cj14l2a4l2 ⊗ b4l2D−1/2 ⊗D−1/2

+X
k1
m3k1 ⊗

a3k1 ⊗ b3k1D−1/2 ⊗ 1
+X
k2
ck13k2a3k2 ⊗ b3k2D−1/2 ⊗ 1
+X
l2
ck14l2a4l2 ⊗ b4l2D−1/2 ⊗D−1/2

+X
l1
m4l1 ⊗

a4l1 ⊗ b4l1D−1/2 ⊗D−1/2
+X
l2
cl14l2a4l2 ⊗ b4l2D−1/2 ⊗D−1/2

= 0:
100 di-ming lu
Note that the set m1i; m2j1; m3k1; m4l1 is -independent. If one has
proved that 1⊗ 1; 1⊗D−1/2; D−1/2 ⊗ 1; D−1/2 ⊗D−1/2 is indepen-
dent over SqU2D−1 ⊗ SqU2D−1, then
P
i m1i ⊗ a1i ⊗ b1i = 0 from
the rst square bracket, and hence j = j1. And
P
j m2j ⊗ a2j ⊗ b2j = 0
from the second square bracket. Similarly, we obtain
P
k m3k ⊗ a3k ⊗ b3k =
0 and
P
l m4l ⊗ a4l ⊗ b4l = 0.
2. Reduction to proving the independence of 1; D−1/2 over
SqU2D−1,
0 =X
i
a1i ⊗ b1i +
X
j
a2j ⊗ b2j1⊗D−1/2
+X
k
a3k ⊗ b3kD−1/2 ⊗ 1 +
X
l
a4l ⊗ b4lD−1/2 ⊗D−1/2
=X
i
a1i ⊗ b1i +
X
j1
a2j1 ⊗ b2j11⊗D−1/2
+X
j2
X
i
ci2j2a1i +
X
j1
c
j1
2j2
a2j1

⊗ b2j2

1⊗D−1/2
+X
k
a3kD
−1/2 ⊗ b3k +
X
l1
a4l1D
−1/2 ⊗ b4l1D−1/2
+X
l2
X
k
ck4l2a3kD
−1/2 +X
l1
c
l1
4l2
a4l1D
−1/2

⊗ b4l2D−1/2
=X
i
a1i ⊗

b1i +
X
j2
ci2j2b2j2D
−1/2

+X
j1
a2j1 ⊗

b2j1D
−1/2 +X
j2
c
j1
2j2
b2j2D
−1/2

+X
k
a3kD
−1/2 ⊗

b3k +
X
l2
ck4l2b4l2D
−1/2

+X
l1
a4l1D
−1/2 ⊗

b4l1D
−1/2 +X
l2
c
l1
4l2
b4l2D
−1/2

:
If one has proved that 1;D−1/2 is independent over SqU2D−1, then
a1i; a2j1; a3kD−1/2; a4l1D−1/2 is -independent, where we have set-
tled the similar work of the rst step for a1i, a2j, a3kD−1/2, and
a4lD−1/2. It is worth noting that the -independent set is a1i; a2j1;
a3kD
−1/2; a4l1D
−1/2 where one of the lower indices is k rather than k1.
(We have assumed that a1i, a2j, a3k, and a4l are -independent, re-
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spectively.) Similar to the above, we get
P
i a1i ⊗ b1i = 0;
P
j a2j ⊗ b2j = 0;P
k a3k ⊗ b3k = 0, and
P
l a4l ⊗ b4l = 0.
3. Reduction to proving that D−1/2 is transcendental over SqU2.
Let a = Pi aiD−i; b = Pj bjD−j; ai; bj ∈ SqU2 such that Pi aiD−i =P
j bjD
−jD−1/2, then a = b = 0 are obtained so long as D−1/2 is tran-
scendental over SqU2, which is proved by Theorem 4.
Similarly, proving the second statement is reduced nally to proving that
1;D1/2 is Mq2-independent, which is proved by Lemma 3.
Now we can prove our main result.
Theorem 7. Any nite dimensional corepresentation v of Uq2 can be
decomposed uniquely in the form
v =X
i
wi1⊗Dki/2; (4)
where wi are the nite dimensional corepresentations of SqU2; ki ∈ .
Proof. Let v be a nite dimensional corepresentation of Uq2 on K;
that is, 0 6= v ∈ EndK ⊗ Uq2; I ⊗ 1v = v  v. By denition of Yij ,
there exists a positive integer k such that
v′ = v1⊗D−k ∈ EndK ⊗ SqU2D−1/2 (5)
and
I ⊗ 1v′ = I ⊗ 1v1⊗D−k ⊗D−k = v′  v′
which means that v′ is a nite dimensional corepresentation of SqU2 ·
D−1/2.
For v′, we have the decomposition
v′ = v′1 + v′21⊗D−1/2; (6)
where v′i ∈ EndK ⊗ SqU2D−1; i = 1; 2;
I ⊗ 1v′ = I ⊗ 1v′1 + I ⊗ 1v′21⊗D−1/2 ⊗D−1/2
and
v′  v′ = v′1  v′1 + v′2  v′21⊗D−1/2 ⊗D−1/2
+ v′1  v′21⊗ 1⊗D−1/2 + v′2  v′11⊗D−1/2 ⊗ 1:
Notice that from I ⊗ 1v′ = v′  v′ and Lemma 6, we get
I ⊗ 1v′i = v′i  v′i; i = 1; 2:
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That shows that both v′1 and v
′
2 are the nite dimensional corepresentations
of SqU2D−1 provided v′i 6= 0 i = 1; 2.
For any v′′ ∈ EndK ⊗ SqU2D−1 satisfying I ⊗ 1v′′ = v′′  v′′, we
can write
v′′ =X
i∈I
wi1⊗D−i; (7)
where wi ∈ EndK ⊗ SqU2, I ⊂  is a nite set. From Theorem 4, we
can check that
I ⊗ 1wi = wi  wi; for all i ∈ I y
that is, all wi i ∈ I  are the nite dimensional corepresentations of SqU2.
Combine (5)(7) and note that 1 ⊗ D−k is invertible in EndK ⊗
Uq2. We obtain
v =X
i
w1i1⊗Dk−i +
X
j
w2j1⊗Dk−j−1/2;
where all w1i; w2j are the nite dimensional corepresentations of SqU2.
The uniquness of the decomposition is obtained from Corollary 5.
This completes the proof.
Conversely, suppose w ∈ EndK ⊗ SqU2 satises I ⊗ 1w = w  w.
Since SqU2 ⊂ SqU2D−1/2 we can write
w = v1 + v21⊗D−1/2;
where vi ∈ EndK ⊗ Uq2; from Lemma 6, we get I ⊗ 1vi = vi  vi,
i = 1; 2. Moreover, we can get that 1; D−1/2 is Uq2-independent from
Lemma 2. Therefore, we have
Theorem 8. Any nite dimensional corepresentation of SqU2 has the
form
w = v1 + v21⊗D−1/2; (8)
where vi is a nite dimensional corepresentation of Uq2, i = 1; 2. Moreover,
the decomposition is unique.
Remark. Theorems 7 and 8 may be considered as the dual picture of
the well-known result in representation theory of the quantum enveloping
algebras of sl2 and gl2.
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3. THE COALGEBRA VERSION OF DECOMPOSITION
In the previous section we proved the decomposition theorem for smooth
corepresentations. We can describe it in other forms.
Let K be an n-dimension complex vector space with the basis e1;
e2; : : : ; en, and let eij  i; j = 1; 2; : : : ; n be the corresponding basis of
EndK.
Let v = Pi; j eij ⊗ xij be a (smooth) corepresentation of Uq2, v =P
s ws1⊗Dks/2, where ws are (smooth) corepresentations of SqU2, and
we write ws =
P
i; j eij ⊗ ysij .
Dene v¯x K→ K ⊗Uq2 by
v¯x ei 7→
X
j
ej ⊗ xij; i = 1; 2; : : : ; n
and w¯sx K→ K ⊗ SqU2 by
w¯sx ei 7→
X
j
ej ⊗ ysij ; i = 1; 2; : : : ; ny
then v¯ and w¯s are corepresentations of Uq2 and SqU2 corresponding
to v and ws, respectively, and the related decomposition is
v¯ =X
s
1⊗Dks/2w¯s: (9)
We notice that EndK itself is a coalgebra, so the decomposition theo-
rem can be interpreted for coalgebra morphisms.
Dene v˜x EndK → Uq2 by
v˜x eij 7→ xij; i; j = 1; 2; : : : ; n
and w˜sx EndK → SqU2 by
w˜sx eij 7→ ysij ; i; j = 1; 2; : : : ; n
then v˜ (resp. w˜s) is a coalgebra morphism from EndK to Uq2 (resp.
SqU2) corresponding to v (resp. ws), and the decompositiom theorem
has the form
v˜ =X
s
Dks/2w˜s: (10)
In general, we have
Theorem 9. Any coalgebra morphism η from a nite dimensional coal-
gebra C to Uq2 can be decomposed in the form
η =X
s
Dks/2ζs; (11)
where ζs are coalgebra morphisms from C to SqU2.
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Proof. Let e1; e2; : : : ; en be a basis of C as vector space, and
1Cej =
X
i
ei ⊗ cij; j = 1; 2; : : : ; n:
η induces a natural right Uq2-comodule structure on C by
η¯x ej 7→
X
i
ei ⊗ ηcij; j = 1; 2; · · · ; n
and hence induces a coalgebra morphism η˜x EndC → Uq2 by
η˜x eij 7→ ηcij; i; j = 1; 2; : : : ; n:
From (10), we have
η˜ =X
s
Dks/2ζ˜s;
where ζ˜s are coalgebra morphisms from EndC to SqU2.
On the other hand, there is a natural coalgebra embedding morphism
τx C → EndC by mapping c to ε
C
⊗ c, where ε
C
is the counit of C, such
that the following diagram is commutative
C EndC
Uq2
τ
η η˜
Thus, we have η = η˜τ = Ps Dks/2ζ˜sτ = Ps Dks/2ζs, where ζs = ζ˜sτ are
coalgebra morphisms from C to SqU2.
Similarly, we can get a coalgebra morphism version of Theorem 8.
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